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PREFACE. 



The design of the present work is to supply beginners 
with a cheap and easy edition of the first Book of 
Euclid. The object of the Author in preparing these 
pages, has been to make the demonstrations as strict 
and concise as possible, and at the same time to reduce 
them to the most simple form. In order to afford 
every facility to the Learner, each demonstration is 
begun and completed on the same page with the figure 
to which it refers; so that the inconvenience arising 
from having the demonstration on one page, and the 
figure to which it refers very often on another, is com- 
pletely removed. 

Prefixed to the work is an historical Introduction, 
showing the rise and progress of this science, with the 
explanations of the principal terms ; and at the end is a 
selection of useful Problems and Theorems as Exercises 
for Pupils. 
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HISTORICAL INTRODUCTION. 



Geomet&t is a science which teaches and demonstrates the 
properties of lines, angles, surfaces, and solids. The word is 
from the Greek, and signifies ** to measure the earth," it being 
the necessity of measuring the earth, or portions of land, that 
first led to the invention of the principles and rules of this art, 
which has since been extended and applied to magnitudes of all 
kinds of extension. It is generally betieyed that the Egyptians 
have been the inventors of Geometry, and that the annual 
inundations of the Nile have occasioned the invention. For 
as that river overflowed its banks, and covered the whole face 
of the coimtry, it destroyed all landmarks, and confounded the 
boundaries of men*s estates ; so that the people were laid under 
the necessity of inventing certain methods and measures, to 
enable them to distinguish and adjust the limits of their respec- 
tive lands, when the waters were withdrawn. 

And so highly valued was this science among the Egyptians, 
that as soon as youths could read, they were taught Geometry 
and Arithmetic with the greatest possible care. Plato held 
this science in such high esteem, that on the door of his Aca- 
demy was read this inscription, *' Let none ignorant of Geometry 
enter here.** Another instance which proves how highly it was 
valued by men of former ages, is, that when a certain person, 
who was Ignorant of Geometry, was desirous to be Xenocrates* 
auditor, he said, "Gro thy way, for thou wantest the very handle 
to Philosophy.** 

The wnter who has contributed most to the improvement 
and refinement of this science, is the celebrated Euclid, pro- 
fessor in the Academy at Alexandria, whose Elements will be 
admired as long as a taste for true science remains. Euclid 
flourished about 290 years before the Christian era, and of his 
Elements we have abundance of editions and comments at the 
present day. 



JL ^ 



EXPLANATIONS OF TERMS. 



Geometbt proceeds by means of Definitions, Postulates, 
Axioms, and Propositions. 

A Definition is the explanation or meaning of a term of art ; 
or describes a magnitude by enumerating its properties. 

A Postulate is a petition or demand, necessary to be granted, 

admitted as possible. 

An Axiom is a self-evident truth, which requires no proof to 
confirm it. 

A Proposition is a sentence in which something is affirmed 
or proposed to be done ; it is either a theorem, or a problem. 

A Theorem is a proposition which proposes some truth to be 
proved ; it wants demonstration. 

A Problem is a proposition which proposes something to be 
done or constructed ; it requires solution. 

The Construction is the drawing of certain lines or figures, 
to enable us to demonstrate the theorem or to solve the pro- 
blem. 

The Demonstration is the reasoning employed to show that 
the theorem is true, or that the problem is solved. 

A Corollary is a consequent truth, deduced from a foregoing 
demonstration. 

A Scholium is a remark made upon a foregoing proposition. 

A Lemma is a minor proposition, necessary to be demon- 
strated, previous to a more important one which follows it. 

In a theorem certain things are supposed and admitted, from 
which a conclusion is to be drawn ; this supposition is called the 
hypothesis. 

Some propositions are proved directly by means of defini- 
tions, axioms, or propositions already demonstrated. 

Other propositions are proved indirectly, by showing that an^ 
other supposition or hypothesis than the one advanced woul 
lead to an absurdity or impossibility. 

The sentence which expresses the substance of a propositioi 
is called the Enunciation. 



DEFINITIONS. 



1. A point is that which has no parts. 

2. A line is length without breadth or thickness ; as, 
the line a b. 

3. The extremities of a line are points ; as, the points 
A and B of the line a b. 

4. A straight or right line is the shortest distance be- 
tween two points, and lies evenly between them. 

5. A superficies or surface is that which has length 
and breadth, but no thickness ; as, s. 

6. The extremities of a superficies are lines. 

7. A plane superficies is that which lies evenly be- 
tween its extreme lines. 

8. A rectilineal angle is the opening or comer 
between two right lines, which meet in a point, but 
do not form one right line ; as, the angle a. 

9. The right lines which form an an^le, are called 
the sides ; and the point in which the sides me 
is called the vertex of the angle ; as, the vertex a. 

10. When several angles meet in one point, 
each angle is expressed by three letters, ol 
which the middle letter is placed at the vertex 
of the angle, and another upon each of the sides 
which form the angle ; thus, the angle formed 
by the lines c b and d b is called the angle c b d 
or D B c ; the angle formed by the lines c b and 
£ B is called the angle c b e or e b c. 

N.B. When there is only one angle at a point, 
it may be expressed by a single letter ; as, the 
angle a or by three letters as, tag. 

A. 4 
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DEFINITIONS. 



11. When a right line standing upon 
another right line makes the adjacent 
angles equal to one another, each of 
them is called a right angle ; and the 
right line which stands upon the other 
is called a perpendicular to it ; thus, if 
the line a b, standing upon c d, makes 
the angles ab|c and abd equal, each of 
them is a right angle, and ab is per- 
pendicular to G D. ^ 

12. One angle is said to be greater 
than another, when the lines which form 
the an^le are farther from each other 
than the lines which form the other, 
measuring at equal distances from the 
vertex oieach ; thus, the angle e b c is 
greater than the angle a b c. 

13. An angle greater than a right 
angle is called (K>tuse; as, the angle 

BBC. 

14. An angle less than a right angle 

is called acute ; as, the angle EBi>i 

15. A plane figure is a ^ace in- 
closed by one or more lines. 

16. A circle is a plane figure bounded by 
one line called the circumrerence, and is of 
such a kind, that all right lines drawn from 
a certain point within the figure to the cir- 
cumference are equal to one another ; as, the 
circle def. 

17. This point 'is called the centre of the 
circle, and the right line drawn from the cen- 
tre to the circumference is called the radius ; 
as, the radius ad drawn from the centre a : if 
more lines than one be drawn, they are called 
the radii. 

18. A diameter of a circle is a right line 
passing through the centre, and terminated 
both ways by the dreumference ; as, the di- 
ameter BF. 

19. A semicircle is the figure eontuned by 
the diameter and half the circumference ; as, h. 

20. An arc b any part of the circumference; 

as, EL. 
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DEFINinONS. 




21. A figure bounded by right lines is called a rectilineal 
figure ; if it be bounded bj three lines it is called a triangle ; if 
bounded by four lines it is called a quadrilateral ; if bounded by 
more than four lines it is called a polygon. 

22. Triangles are of three kinds, when 
described according to the nature of their 
sides ; namely, Equilateral, Isosceles, and 
Scalene. 

23. An equilateral triangle is that which 
has three equal sides ; as, the triangle a b c. 

24. An isosceles triangle is that which 
has two equal sides ; as, the triangle dbf. 

25. A scalene triangle is that which has 
three unequal sides ; as, the triangle ghi. 

26. Trianffles are also of three kinds, 
when described according to the nature 
of their angles ; namely, Right-angled, 
Obtuse-angled, and Acute-angled. 

27. A right-angled triangle is that 
which has one of its angles a right angle ; 
as, the triangle klm. 

28. An obtuse-angled triangle is that 
which has one of its angles an obtuse 
angle ; as, the triangle nop. 

29. An acute-angled^triangle is that 
which has all its angles acute; as, the 
triangle qbs. 

30. Parallel right lines are such as are 
equidistant from each other, and if pro- 
duced would never meet ; as, ab and cd. 

31. A square is a quadrilateral figure, 
having all its sides equal and all its angles 
right angles ; as, h. 

32. An oblong or rectangle is a c|ua- 
drilateral figure, having all its angles right 
angles, but its length exceeds its breadth ; 
as, K. 

83. A rhombus is a quadrilateral figure 
having all its sides equal, but its angles 
are not right angles ; as, l. 

84. A rhomboid is a quadniatex^ ^^gox^ 
ha^Dg the opposite sides ec\\i«l^\>M\ \\a 
angles are not right angles ; as, "n. 
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10 POSTULATES. AXIOMS. 

35. All quadrilateral figures, whose opposite sides are pa- 
rallel, are called paraUelosrams ; and the line joining two of 
its opposite angles, is called the diagonal or diameter. 

* 
Postulates. 

1. Let it be granted that a right line may be drawn from any 
one point to any other point. 

2. That a terminated right line may be produced to any 
length in a right line. 

3. That a circle may be described from any centre, with any 
distance from that centre as radius. 



Axioms. 

1. Things which are equal to the same, are equal to one 
another. 

2. If equals be added to equals, the wholes are equal. 

3. If equals be taken from equals, the remainders are equal. 

4. If equals be added to unequals, the wholes are unequal. 

5. If equals be taken from unequals, the remainders are 
unequal. ^ 

6. Things which are double of the same, are equal to one 
another. 

7. Things which are halves of the same, are equal to one 
another. 

8. Magnitudes which coincide with one another, that is, 
which exactly fill the same space, are equal to one another. 

9. The whole is greater than its part. 

10. Two right lines cannot inclose a space. 

11. All right angles are equal to one another. 

12. K a right line meet two other right lines, so as to make 
the two interior angles on the same side of it taken together 
less than two right angles, these two right lines being con- 
tinually ijMpducea, shall at length meet on that side on which 
are the angles, which are less than two right angles. 



PROPOSITIONS. 
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Ax. 


for Axiom. 


Const. 


»> 


Construction 


Cor. 


»> 


Corollary. 


Def. 


»» 


Definition. 


Hyp. 


n 


Hypothesis. 


Post. 


»» 


Postulate. 


Prob. 


» 


Problem. 


Prop. 


»> 


Proposition. 


Schol. 


»? 


Scholium. 


Theor. 


ti 


Theorem. 



PROPOSITIONS. 




Proposition I. Problem. 

To describe an equilateral triangle upon a given right line. 

Let AB be the given line ; it is re- 
quired to describe an equilateral trian- 
gle upon it. 

From the centre a, with the radius 
AB, describe the circle bcd (by Post. 3.), 
and from the centre b, with the radius 
BA, describe the circle ace, cutting the 
former in c; join ca and cb- (Post. 1.); then the triangle 
ABC is equilateral. 

For the line a c is equal to a b, being radii of the same circle 
BCD (Def. 16.); and the line bc is equal to ba, being radii of 
the same circle ace: since then each of the lines ac and b c is 
equal to the same line ab, they are equal to one another 
(Ax. 1.) ; therefore the three lines ab, bc, and c a are all equal ; 
therefore the triangle a b c is equilateral ; and it is described 
upon the given line ab. Which was to be done. 

Schol Another equilateral triangle may be obtained by 
drawing right lines from A and b to the point a.^ \ss. VcssSss. "^as^. 
curcles cut at the other side oi t\ie\m^ Kii^^>K!tf2Q.^'ilte^>^ ^^asass?^- 
strated in the same manner. 
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PBOP. n. m. 




Pbop. IL Fbob. 

From a given point, to draw a line equal to a given right line* 

Let A be the ^ven point, and b g the given 
line ; it is required to draw from a a line 
equal to bc. 

Join A and b (Post. }.), and upon the line 
AB describe an equilateral triangle dab 
(Prop. 1.), and from the centre b with the 
radius bc, describe the circle cef (Post. 3.), 
and produce the line db till it meets the cir- 
cumference in E (Post. !2.) ; then from the centre d, with the 
radius de, describe the circle egh (Post. 3.), and produce the 
line DA till it meets the circumference in 6 : then the line AG 
is equal to the given line b c. 

For the line dg is equal to de, being radii of the same circle 
EGH (Def. 16.), and the part da is equal to db, being sides of 
an equilateral triangle (Uonst.), therefore the remaining part 
AG is equal to be (Ax. 3.) ; but the line bc is also equal to be, 
being radii of the same circle cef : since then each of the lines 
AG and BC is equal to the same line be, thej are equal to one 
another( Ax. 1.); therefore the line AG is equal to the given 
line BC, and it is drawn from the given point a. Which was to 
he done. 




Pbop. m. Pbob. 
From the greater of two lines, to cut off a part equal to the lees. 

Let AB be the greater of two lines, and 
CD the less; it is required to cut off from 
AB, a part equal to cd. 

From the point A draw a line ag equal 
to CD (Prop. 2.), and from the centre a, with 
the radius ag, describe a circle (Post. 3.) 
cutting the line ab in e ; then ae is equal to cd. 

For the line ab is equal to ag, being radii of the same circle 
(Def. 16.) ; but the line cd is also equal to ag (Const.) : since 
then each of the lines ae and cd is equal to the same line 
AG, they are equal to one another (Ax. 1.); therefore ae is 
equal to c d, and it is cut off from the greater line A b. Which 
was to be done. 

Cor. Bj a similar construction the following problem may 
be solved : To produce the less of two given lines, till it be 
Baual to the greater. 



PBOP. IV. 
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Pbop. IV. Theob. 

If two triangles have two sides and the contained angle in the 
one^ respectively equal to two sides and the contained angle in the 
other ^ their hoses or third sides are likewise equal, and the re* 
maining angles of the one^ are respectively equal to the remaining 
angles of the other^ and the two tricmgtss are equal in m 

respects. 

Let ABC and def be two triangles, 
haying the side ab equal to de, the side 
A c equal to d f, and the angle a eqiaal to 
the angle d ; then the base b c is equal 
to EF, the angle b equal to the angle e, 
and the angle c is equal to the angle f ; 
and the two triangles are equal in all 
respects. 

For, if the triangle abc be so applied to the triangle def, 
that the point a may be on d, and the side ab upon de, then 
the point b must coincide with e, because the sides ab and de 
are equal (Hjp.) ; and the side a g will fall on df, because the 
angles a and d are equal (Hyp.) ; and the point c must coincide 
with F, because the sides ac and df are equal (Hyp.) : and as 
the points b and c coincide with the points e and f, the lines 
B c and E F must also coincide, if not two right lines would 
inclose a space, which is impossible (Ax. 10.). Therefore the 
base BC coincides with ef, and is equal to it (Ax. 8.). And as 
the sides of the angle b, coincide with the sid^ of the angle b, 
the angles themselves must coincide, and are therefore equal 

SAx. 8; ; also the angles c and f must coincide, and are there- 
ore equal. And as the three sides of one triangle coincide 
with the three sides of the other, the triangles themselves must 
coincide, and are therefore equal in all respects (Ax. 8.). 
Which was to he demonstrated. 

Cob. 1. Two triangles are equal, which have an angle com- 
mon to both, and the two sides which contain it in the one, 
equal to the two sides which contain it in the other. 

Cob. 2. Two triangles are equal, which have a side common 
to both, and another side with the contained angle in the one, 
equal to another side with the contained angle in the other. 
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Peop, v. Theob. 




The angles at the base of an isosceles triangle are equals ad 
if the equal sides be produced, the angles below the base are alio 

equal. 

Let ABC be an isosceles triangle, having the 
sides All and bc equal; then the angles bac 
and BC A at the base are equal, and if the equal 
sides be produced, the angles fag and oca 
below the base are also equal. 

Take any point r, in one of the sides pro- 
duced, and cut off from the other a part b g 
equal to bf (Prop. 3.) : join aq and fc. 

Then in the triangles fob and gab, the sides 
FB and BC in the one, are equal to the sides gb 
and n a in the other (Hyp.), and the angle b is common to both; 
therefore the two triangles are equal in all respects (Prop. 4.), 
the base f c is equal to g a, the angle f c b to G a b, and the angle 
F equal to the angle G. And if from the equal sides b f and bo, 
there be taken the equals ba and bc, the remainders a Fand ce 
are also equal (Ax. 3.) ; then in the triangles afg and cga, the 
sides AF and fc in the one, are equal to the sides co and ga in 
the other, and the angle f is equal to the angle g; therefore 
the two triangles are equal in all respects (Prop. 4.), the angles 
F A c and G c A are equal, and these are the angles below the base; 
also the angles fca and gag are equal; and if from the equal 
angles fcb and gab, there be taken the equals fca and gac, 
the remainders bag and bca are also equal (Ax. 3.), and these 
are the angles at the base. Which was to be demonstrated, 

Pbop. VI. Theoe. 

If two angles of a triangle be equal, the sides opposite to them 

are also equal. 

In the triangle gab, let the angles gab and 
cba bc equal; the sides ga and gb are also 
equal. 

For if they be not equal, let one of them c a 
be greater than the other, and from it cut off 
DA equal to b c (Prop. 3.) ; and join b d. 

Then in the triangles cab and dab, the sides 
D A and AB in the one, are equal to gb and b A 
in the other (Hyp.), and the angles gab and c b a are equal 
(Hyp.), therefore the triangles are equal (Prop. 4.); a part 
e^ual to the whole, which is absurd ; therefore neither of the 
sides GA and gb is greater than the other: they are therefore 
equal. Which was to be demonstrated. 
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Pbop. vn. Theoe. 

If two triangles, on the same base, and on the same side of it, 
have the sides which terminate in one end of the hose equal, 
those sides which terminate in the other end of the base are 

not equal. 

Let the triangles acb and adb, on the 
same base ab, and on the same side of it, 
have the sides ac and aj> equal; then the 
sides Bc and bd are not equal. 

Case 1. When the vertex of each tri- 
angle is without the other. 

Join ci>, and if it be possible, let bc be 
equal to bd : then in the triangle cad, because the sides ac 
and AD are equal (Hyp.), the angles acd and adc are also 
equal (Prop. 5.); but the angle acd is greater than bcd 
(Ax. 9.) ; therefore the angle adc is greater than bcd ; much 
more than is the angle bdc greater than bcd. But in the 
triangle bcd, the sides bc and bd are equal (Hyp.) ; therefore 
the angles bcd and bdc are equal (Prop. 5.) ; but the angle 
bdc has been proved to be greater than bcd; greater than, 
and equal to it, which is absurd ; therefore the sides b c and 
b d are not equal. 

Case 2. When the vertex d of one triangle is within the 
other. 

Produce the sides a c and a d to e 
and f: then in the triangle acd, be- 
cause the sides ac and ad are equal 
(Hyp.), the angles d c e and c d r are 
also equal (Prop. 5.) ; but the angle 
dce is greater than dcb (Ax. 9.), 
therefore the angle cdf is greater than 
dcb; much more than is the angle 
c D B greater than dcb. But in the 
triang^ bcd, the sides bc and b d are equal (Hyp.), therefore 
th^ angles bdc and bcd are equal (Prop. 5.) : but the angle 
BDC has been proved to be greater than bcd; greater than, 
and equal to it, which is absurd ; therefore the sides b g and 
b d are not equal. 

Case 3. Wnen the vertex d of one tii- 
an^e falls on a side of the other b c. 

Then it is evident that the whole line bc 
is^eater than its part bd (Ax. 9.). 

Therefore in no case can the side b d be 
equal to bc. Which was to he demon- 
strated. 
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PBOP. vm. IX. 




Pbop. Vm. Thbob. 

If two triangles have two sides of the one reapecHv^ eqmd 
to two sides of the other^ and also have their bases e^ud^ the 
angles opposite the eqtud bases are equal, and the two trieaigle. 

are eqtud in all respects. 

Let ABC and d e f be two tri- 
angles, having the side ab equal 
to D £, the side b c to e f, and the 
base AG equal to the base df; 
then the angle b is equal to the 
angle e ; and the two triangles are 
equal in all respects. 

For if the triangle a b c be so applied to the triangle d s f, 
that the point a may be on d, and the base A c upon d f, then 
the point c must coincide widi f, because ac and df are equal 
(Hyp.) ; and as the base ac coincides with df, and the sides ab 
and Bc are equal to the sides de and e f (Hyp.), the vertex b 
must fall on e (Prop. 7.)) ai^d the equal sides must coincide 
(Ax. 10.) ; therefore the angles b and e must also coincide, and 
are therefore equal (Ax. 8.). And as the three sides of one 
triangle coincide with the three sides of the other, the tri- 
angles themselves must also coincide, and are therefore equal 
(Ax. 8.). Which was to be demonstrated. 

Cob. Two triangles are equal, if they have a common ude, 
and the remaining sides of the one equal to the remaining sides 
of the other. 



Fbop. IX. Pbob. 
To bisect a given rectilineal angle. 

Let b A c be the given angle, it is required 
to bisect it. 

Take any point d in the side a b, and from 
A c cut off a part A £ equal to a d (Prop. 3.) : 
join D E, and upon it describe an equilateral 
triangle def (Prop. 1.) at the side opposite to 
A ; jom A F ; then the angle bag or d a e is 
bisected by the line a f. For in the triangles 
DAF and EAF, the side da is equal to ba 
(Const), and a f is common to botn, and the base nvis equal 
to E F (Const.) ; therefore the angle daf is equal to bay 
(Prop. 8.), and therefore the given angle b a c is bisected by 
the Ime af. Which wcu to be done. 




PROP. X. XI. 
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Prop. X. Fbob. 

To bisect a given right line. 

Let A B be the given line, it is required 
to bisect it. 

Upon AB describe an equilateral triangle 
ABC (Prop. I.), and bisect the angle a c b b j 
the line cd (Prop. 9.) ; then ab is bisected 
in the point d. 

For m the triangles a en and bob, the 
side AC is equal to bc (Const.), the side cd is common to both, 
and the angle a cd is equal to bcd (Const.) ; therefore the base 
AD is equd to bd (Prop. 4.), and therefore the given line ab 
is bisected in d. Which was to he done. 

Cob. By this proposition a line may also be divided into 4 
equal parts, or into 8, 16, &c., by bisecting agsun each part. 





Pbop. XI. Pbob. 

To draw a right line perpendicular to a given Une from a given 

point in it. 

Let AB be the given line, and c the 
given point ; it is required to draw from 
c a line which shall be perpendicular 
to the line ab. 

Take any point d in AC, and cut off 
from c B a part cf equal to c d (Prop. 3.), 
and upon df describe an equilateral 
triangle dfg (Prop. 1.) ; join oc ; then the line oc is perpen- 
dicular to A B. 

For in the triangles cdg and cfg, the sides cd and dg in the 
one, are equal to the sides gf and fg in the other (Const.), and 
the side c g is common to both, therefore the angles d c g and 
F G g opposite the equal sides are equal (Prop. 8.), and these are 
the adjacent angles ; therefore the line g c is perpendicular to 
AB (Def. 11.), and it is drawn from the point c. Which was to 
he done. 

CoB. In like manner a perpendicular can be drawn from the 
extremity of a given line, oy first producing the line. 



c 
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Psop. XTT. Fbob. 

To draw a right line perpendicular to a given indejimte Umejfirm 

a given point not in it 

Let A B be the given line, and c the 
given point ; it is reauired to draw from 
c, a line which shall be perpendicular 

to AB. 

Take any point d, on the other side of 
A B, and from the centre c, with the radios 
CD, describe a circle cutting the line ab, 
or the line produced in the points e and f ; bisect ef in the 
point G (Prop. 10.), and join co ; then the line ca is perpen- 
dicular to A B. 

For draw the lines ce and of; then in the triangles gbc 
and OFC, the side ce is equal to cf, being radii of the same 
circle, and so is equal to fo {Const.), and the side ca is com- 
mon to both ; therefore the angles cge and ggf opposite the 
equal sides are equal (Prop. 8.^, and these are the adjacent 
angles ; therefore cg is perpendicular to ab (Def. 11.), and it 
is drawn from the point c. Which was to he done. 

Peop. xm. Theoe. 

The angles made by one line standing upon another care together 

eqtud to two right angles. 

Let the line ab stand npon cd, 
making with it the angles abc and 
a B i> ; those angles are together 
equal to two right angles. c-^ 

First. If the line A B be perpen- 
dicular to CD, then each of the angles abc and abd is a ri^t 
angle (Def. 16.) ; therefore both together are two right anffles. 

Secondly. If the line ab be not perpendicular to cb, from 
the point n draw be perpendicular to cd (Prop. 11.) ; ih&i it 
is evi<lont that the angles abc and abd together are equal to 
the angles e b c and e b d : but e b c and e b d are two right anffles 
(Const.), therefore ABC and abd together are equal to two n^t 
anglos. Which was to he demonstrated. 

CoK. 1 . The angles made by several lines standing npon the 
same right line, at the same point, are together equal to two 
right angU»s. 

Cor. "2. The angles made by any number of lines meeting tt 
a point arc together equal to four right angles. 





PROP. xiy. XV. 19 



Pbop. XrV. Theoe. 

If two fight lines meet another right line, at the same point, at 

opposite sides, and make angles with it equal to two right angles, 

the two lines form one continued right line. 

Let the lines jLb and bc meet the line 
DB at the point b, and make with it the 
angles d b a and d b c equal to two right ^ 

angles ; then ab and b g. form one right 
line. 

For, if AB and bc do not form one ^ b r 

right line, let anj other line be form with a b a continued right 
line ; then, because ae is a right line and bb stands upon it, the 
angles dba and dbe are equal to two right angles (Prop. 13.) ; 
but the angles dba and dbg are also equal to two right angles 
(Hyp.), therefore the angles dba and dbg are equal to dba 
and dbe (Ax. 1 .) . Take away the angle dba, which is common 
to both, and the remaining angles dbe and dbg are equal 
(Ax. 3.), a part equal to the whole which is absurd ; therefore 
BE does not form a right line with ab; and in the same manner 
it can be proved that no other line but bg can form a right line 
with ab : therefore ab and bg form one continued right line. 
W, W, D. 



Peop. XV. Theoe. 

If two right lines cut one another, the vertical or opposite angles 

are equal. 

Let the lines a b and g d cut one another 3 

at e ; then the angle deb is equal to ge A, 
and the angle dea is equal to beg. 

For, as tibe line de stands upon b a, the 
angles deb and dea are equal to two 
right angles (Prop. 13.), and as the line ae 
stands upon dg, the angles dea and gea are likewise equal to 
two right angles; therefore the angles deb and dea are equal 
to the angles gea and dea (Ax. 1 .). Take awaj the angle dea, 
which is common to both, and the remaining angles deb and 
GEA are equal (Ax. 3.), and these are the vertical angles. 
In the same manner it can be proved that the angles dea and 
BEG are equal. Which was to he demonstrated. 



B 1 
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Peop. XVI. Theob- 

If one side of a triangle be produced, ike exterior amglt it 
greater than either of the interior opposite angle*. 

Let the side ab of the triangle 
ABC be produced to d ; the exterior 
angle cbb is greater than either of 
the interior opposite angles gab or 

ACB. 

Bisect the side bc in e (Prop. 
10.) ; draw ae and produce it till 
E F is equal to ae (Prop. 3.) ; join fb. 

Then in the triangles ace and bbf the sides A b and bc in 
the one, are equal to the sides fe and eb in the other (Const), 
and the vertical angles aec and bef are equal (Pn^. 15.); 
therefore the angles ebf and ace are also equal (Prop. 4.); 
but the angle c b d is greater than c b f, therefore c b d i^ greater 
than ACE or ACB. ui like manner, if the side cb be produced 
and AB be bisected, it can be shown that the angle A bo is 
greater than the interior angle c ab ; but abg is equal to gbb, 
being vertical angles (Prop. 15.) ; therefore gbd is also greater 
than CAB. Which was to oe demonstrated. 



Pbop. xvn. Theoe. 

Any two angles of a triangle are together less them two right 

angles. 

Let ABC be a triangle ; any two of 
its angles are together less than two 
right angles. 

Produce the side ac to d (Cot. 2.) , 

then the exterior angle bcj> is greater ^. j^ 

than the interior angle b a c (Prop. 16.); 

add to each the angle bca ; and the angles bag and bc A are 
less than the angles Bcpand bca; but bcd and bca are equal 
to two right angles (Prop. 13): therefore bac and bca are 
less than two right angles. In like manner, by producing the 
other sides, it can be shown that the angles bac and abc, or 
the angles acb and abc are less than two right angles. Which 
was to he demonstrated. 

Cob. 1. If one angle of a triangle be obtuse or right, the 
other two angles must be acute. 

Cob. 2. The angles at the base of an isosceles triangle are 
hoih acute. 




PROP. XYin. XIX. 21 



Peop. XVm. Thboe. 




If one side of a triangle be greater than another, the angle opposite 
to the greater side, is greater than the angle opposite to the less,. 

In the triangle abc, let the side ab be » 

greater than the side bc; then the angle 
BGA is greater than the angle bag. 

From the greater side ab, cut off a part 
BD, equal to 3ie less bc (Prop.3.) ; join dc. 

Because the sides bd and bc are equal 
(Const.), the angles bcd and bdg are eqnal 
(Prop. 5.); but the angle bdc is greater than the interior angle 
BAC (Prop. 16.), therefore the angle bcd is greater than bac; 
vnuch more then is the angle b c A greater than the angle bac. 
Which was to he demonstrated. 



Prop. XIX. Theos. 

If one angle of a triangle he greater than another, the side opposite 
to the greater angle, is greater than the side opposite to the less. 

In the triangle abc, let the angle c 
be greater than the angle a ; then the 
side AB is greater than the side bc. 

For the side ab is either equal to bc, 
or less than it, or greater than it. ab 
is not equal to b c, for, if it were, the angles at a and c would 
then be equal (Prop. 5.) ; but they are not (Hyp.). Again, ab 
is not less than bc, for, if it were, the angle c would then be less 
than the angle A (Prop. 18.) ; but it is not (Hyp.) : since then 
ab is neither equal to, nor less than bc, it must be greater than 
it. Which was to be demonstrated 

ScHOL. One side of a triangle is greater than, equal to, or less 
than another, according as the angle opposite to the side is 
greater than, equal to, or less than the angle opposite to the 
other. 




B ^ 
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Pbop. XX. Theob. 

Any two sides of a triangle are together greater than the third 

side. 

In the triangle A bc, the sides ab and b c 
are greater than ac, the sides bc and CA 
are greater.than ba, and the sides ca and 
A B are greater than bc. 

Bisect the angle abg by the line bd 
(Prop. 9.). 

Then tiie angle adb is greater than the 
interior angle dbc, also uie angle cdb is 
greater than the interior angle dba (Prop. 16.); but the 
angles dba and dbc are equal (Const.) ; therefore the an^e 
ADB is greater than dba, and the angle cdb is greater t£ui 
dbc, and therefore the sides ab and bc opposite the greater 
angles, are greater than the sides ad and dc opposite to the 
less (Prop. 19.); therefore the two sides ab and bc are greater 
than the third side ac. In like manner, by bisecting any other 
angle, it can be shown that the sides containing it are greater 
than the third side. TF. W. D. 



Pbop. XXI. Theob. 

Two right lines draym from the ends of one side of a triangU {§ 

a point within it, are less than the two other sides of ihe tri' 

angle ; but contain a greater angle. 

In the triangle abc, the right lines ad 
and CD, drawn from a and c to the point 
D within the triangle, are less than the 
sides AB and bc; but contain an angle 
ADC greater than abc. 

Produce ad to e ; then in the triangle 
ABE, the sides ab and be are greater than the third side ab 
(Prop. 20.) ; add ec to each, then ab and bc are greater than 
AE and EC ; but in the triangle ced, the sides de and bc 
are greater than the third side dc (Prop. 20.) ; add ad to 
each; then ae and ec are great'Crthan ad and dc; mudi 
more then are the sides ab and bc greater than ad and dc. 

Again, the exterior angle aec is greater than the interior 
angle abc (Prop. 16.), and the exterior angle adc is greater 
than AEC (Prop. 16.) ; therefore the angle ad c is greater than 
ABC. Which toas to he demonstrated. 




PROP. xxn. xxin. 23 



Pbop. xxn. Pbob. 

To construct a triangle which shall heme its sides respectively 
equal to three given lines, of which any two are greater than 

the third. 

Let A, B, and c be the three given c . 

lines, of which any two are greater b . 

than the third ; it is required to con- 
struct a triangle which shall have its 
sides respectively equal to a, b, c. 

From any point d draw a line de 
equal to a, and df] equal to b, and 
from the point £ draw e g equal to c 
(Prop. 2.) ; then from the centre d 

with the radius dp describe a circle, and from the centre £ with 
the radius eg describe another circle, cutting the former in h ; 
join DH and eh; the sides of the triangle deh are equal to 
the lines a, b, c. For the line db is equ^ to df, being radii of 
the same circle (Def. 16.); but df is equal to b (Const.), there- 
fore DH is equal to b (Ax. 1.). Also the line eh is equal to 
£G, being rami of the same circle (Def. 16.); but eg is equal 
to c (Const.), therefore e h is equal to c ; and d£ is equal to A 
(Const.) ; therefore the three sides dh, eh, and d£ of the tri- 
angle D £ H are equal to the given lines a, b, and c. Which was 
to be done, 

ScHOL. Another triangle having its sides equal to the three 
^ven lines, may be obtamed by drawing right lines from d 
and £ to llie point l, in which the circles cut at the other side 
of db. 




Pbop. XXIEL. Pkob. 
At a point in a given line, to make an angle equal to a given one. 

Let A be the given point, a b the 
given line, and d the given angle ; it 
IS required to make an angle at a 
equal to the angle d, 

Li the sides of the angle d, take 
any two points c and £ ; join ge, and 
construct a triangle b a f, having its 
sides AB, BF, and fa equal to the lines dg, ge, and bd 
(IVop. 22.) ; then the angle a is equal to the angle d (Prop. 8V 

B 4 
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FBOP. XXIV. XXV. 




Peop. XXrV. Thbob. 

If two triangles have two sides of the one^ respecHtfely eqwd 
to two sides of the other, and if the contained angle m the one 
be greater than. the contained angle in the other; the bate 
opposite to the greater angle is greater than the base apposite to 

the less. 

In the trianeles abc and 
DE F, let the side ab be equal 
to DE, the side bc to ef: but 
the angle def creator than 
the angle abc ; then the base 
D F is greater than ac. 

At uie point b with the less 
side DE, make an angle deq 
equal to the angle abc (Prop. 
23.), and make b g equal to b c or e f (Prop. 3.^ ; jcnn o f and 
o D. Then in the triangles abc and dbg, the sides ab and bc 
in the one, are equal to the sides d e and b a in the other 

Syonst.), and the angle b is equal to the angle dbg (Const); 
ereforc the base d g is equal to a c (Prop. 4.). And as Ibe 
sides E f and e g are equal (Const.), the angles b o f and b fg are 
equal (Prop. 5.) ; but the angle efg is greater than dfg^ 
therefore the angle b g f is greater than d f g ; much more liien 
is the angle d g f greater than d f g : therefore in the triangle 
D F G, the side d f is greater than d q (Prop. 19.) ; but d a is 
equal to a g, therefore d f is greater than a c. W. W. D, 

Pbop. XXV. Tbeob. 

If two triangles have two sides of the one respectively eqwd tf> 
two sides of the other, and if the base of one be greater than the 
base of the other ; the angle opposite to the greater base is greater 

than the angle opposite to the less. 

In the triangles abc and def, let 
the side a b be equal to d e, and b c 
to E F ; but the base d f greater than 
A c : the angle e is greater than the 
angle b. 

For the angle e is either less than, 
equal to, or greater than the angle b. It is not less than it» 
because the base d p would then be less than ac (Prop. 24.), 
but it is not (Hyp.). It is not equal to it, because the bases 
D F and A c would then be equal (Prop. 4.), but they are not 
(Hyp.) : since then the angle e is neither less than, nor equal 
to the angle b, it must be greater than it. W, W. D, 
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Peop. XXVI. Thbob. 

If two trianffles have two angles and a side in the one, respeC' 
tively equal to two angles and a side similarly situated in the other^ 
the remaining sides and angle in the one, are respectively equal to 
the remaining sides and angle in the other, and the two triangles 

are also equal. 

In the triangles a b c and d e f, 
let the angle bag be equal to 
E D F, the angle a c b to d f e, and 
a side in one triangle, equal to a 
side similarly situated in the other ; 
the remaining sides and angles are 
respectively equal. 

Case 1. When the equal sides 
are a c and d r adjacent to the equal angles, then the side ab 
is equal to d e, and the triangles are also equal. 

For, if AB and d'e be not equal, let one of them a b be greater 
than the other, and from it cut off a g equal to d e, and join 
c o. Then the sides a c and a g are equal to the sides d f and 
de, and the angles at a and d are equal (Hyp.) ; therefore 
the angle a c g is equal to d f e (Prop. 4.) : but tne angle ac b 
is also equal to d f e f Hyp.) ; therefore A c g is equal to a c b, 
a part equal to the wnole, which is absurd ; therefore a b and 
D E are not unequal, therefore they are equal ; and also a c is 
equal to d f, and the angles at a and D are equal (Hyp.) ; 
therefore b c is equal to e f, the angle b to the angle e, and the 
triangles A b c and d e f are equal m all respects ^rop. 4.). 

Case 2. When the equal 
sides are ab and de oppo- 
site to the equal angles, then 
A c is equal to d f. 

For, if AC and d f be not 
equal, let one of them a c be 
greater, than the other, and 
from it cut off A g equal to 
DF, and join bg. Then the sides ag and ab are equal to 
the sides d f and d e, and the angles at a and d are equal 
(Hyp.) ; therefore the angle a g b is equal to d f b (Prop. 4.) ; 
but the angle acb is also equal to dfe (Hyp.), themore agb 
IS equal to a c b, an exterior angle equal to its interior opposite 
angle, which is impossible (Prop. 16.) ; therefore a c and o f 
are not unequal, therefore they are equal ; and also a b is equal 
to D E, and the angles at a and d are equal (Hyn.'i -^ tjbfi:s^<;sc5^ 
B c is equal to e f, the angle b to t\ie 8;x\^e '&^ vc^^<^ \:£vssns^«» 
ABC and DBF are equal in aH respectA (J^xo^. ^>i* ^ «^ -^ 




26 PROP. xxviL xxvin. 



Piop. XXVn. Thboe. 

If a right line faU upon two other right lines, and mah 
aUemate angles equal to one another^ the two lines are pan 

Let the line sf fall upon the 
two lines a b and c d, and make / b 

the alternate angles agp and ^ ' 

EHD equal; then ab and cd _^ 

are parallel. ^ T**^^ d 

For, if AB and cd be not L 

parallel, they would meet if 

produced. Stippose them to meet in l ; then g h l is a trial 
and the exterior angle a g h is greater than the interior a 
EHP (Prop, 16.); but these angles are also equal (H; 
which is absurd ; therefore a b and c d do not meet if prodi 
and are therefore parallel (Def. 30.). Which was to be de\ 
strated. 




Peop. XXVm. Thbob. 

If a right linefaU upon two other right lines, and make an 
terior angle equal to the interior and opposite angle at the 
side of the line : or make the two interior angles at the same 
equal to two right angles ; the two lines are paraUeL 

Let the line e f fall upon the two lines 
A b and c d, and make the exterior angle 
E G b equal to the interior opposite ansle 
E H D at jjie same side of b f : or mt^e ^ 
the two interior angles b g f and e H d 
at the same side equed to two right angles ; ^ — 



then A B and c d are parallel. \ 

For the angle a g f is equal to e g b \f 

(Prop. 15A and the aingle egb is equal 
to E H D (Hyp.), therefore the angles a g f and b h d are e 
(Ax. 1.) ; but they are alternate angles, therefore a b an( 
are parallel (Prop. 27.). 

Again : llie angles b.g f and a g f are equal to two : 
w^les (Prop. 13.) ; but bgf and ehd are also equal to 
ri^t angles (Hyp.), therefore the angles bgf and a g i 
equal to the angles bgf and ehd; take away the angle 
common to both, and the remaining angles agf and ] 
are equal (Ax. 3.) ; but they are alternate angles, ther« 
A B and c D are parallel. TF. W, D, 



FBOP. zziz. 27 



Fbop. XXDL Theob. 

If a right hae fall upon two pcaraUel right lines, it makes the 

tatemate anglea equal to one another, and the exterior angle equal 

to the interior opposite angle at the same side ; and also the My> 

inlerior an^es at the same side, equal to tioo right angles. 

Let the line s f &11 upon two parallel ^ 

lines AB and cd; then the alternate \ 

angles A or and BHB are equal: and the a \ „ 

exterior angle bob equal to the interior o\ 

angle BHB at the same side of b r : and ^ ]^ri .^ 

also the two interior angles bgf and v 

B HB at the same side equal to two right \ 

ancles. 

rart 1. The alternate angles a g f and e h d are equal. 

For, if the angles a g f and e h d be not equal, one of thcni 
must be greater than the other ; suppose a g f to be greater, 
and add^the angle bgf to each, then the angles a g f and bgf 
together are greater than the angles b h d and bgf; but a g f 
and bof are equal to two right angles (Prop. 13.) ; therefore 
BHB and BOF are less than two right angles, and ^erefore the 
lines A B and c b, if produced, would meet at the side b d 
(Ax. 12.): but they are parallel, and therefore cannot meet 
(D^. 30.), which is absurd ; therefore neither of the angles a o f 
and BHB issreater than the other, therefore they are equal. 

Fart 2. l£e exterior angle bgb is equal to the interior 
opposite angle bhb. For the angles a g f and e G b are equal, 
hemg vertical opposite angles (Prop.. 15.), and the angles a g f 
and B HB are equal, being alternate angles (Part 1.) ; smce then 
each of the angles e g b and e h d is equal to the same anff Ic 
aof; they are equal to one another (Ax. 1.) ; therefore Sie 
ai^es BOB and b h d are equal. 

rart 3. The two interior angles bgf and e h d ore equal 
to two right angles. For the angles bgf and a Q f are etjual 
to two right angles CE^op* 13.) ; but agf is equal to e ii b, 
being alternate angles (rart 1.); therefore the angles ugf 
and BHB are equsa to two right angles. Which was to be 
demonstrated. 




28 PBOP. ZXX. XXXL 



Peop. XXX. Theob. 

If two right lines be parallel to the same right Une, they are 
• parallel to one another. 

Let the lines ▲ b and c d be parallel 
to the same line l n ; then ▲ b and c d 
are parallel to one another. 

For the angles a g f and e p n are 
equal, being alternate angles (Prop. 
29.) ; but the angle e p n is equal to 
the interior opposite angle eh d (Prop. 
29.); therefore the angles agf and 
E H D are equal (Ax. 1.), and they are 
alternate angles ; therefore the lines A b and c d are parallel 
(Prop. 27.). Which was to he demonstrated, 

ScHOL. This proposition may be demonstrated without the aid 
of the 27th, thus : — Each of the angles egb and ehd is equal 
to the same angle e p n (Prop. 29.) ; therefore they are equal 
to one another (Ax. 1.) ; and therefore the lines ab and cd 
are parallel (Prop. 28.). 

Cob. Two lines parallel to the same line, cannot pass through 
the same point. 



Pbop. XXXI. Peob. 

To draxo a right line parallel to a given right line^ throittgh a 

^ven point. 

Let A B be the given line, and c 

the given point; it is required to e ■ J^ > 

draw through c, a line parallel to ab. V ' 

In the line a b take any point d ; xM ^ 

join c D, and with it at the point c ^ d 

make an angle d c e equal ta c d b 

(Prop. 23.), but at the opposite side of c d ; then the line SF if 

parallel to a b. For, as the line c d falls upon the two lines ab 

and £ F, and makes the alternate angles e c n and b d c eqoil 

to one another (Con.) ; therefore the two lines a b and b f are 

parallel (Prop. 27.). Which was to he done. 




FBOP. xxzn. 29 



Fbop. XXXTT. Theob. 

^ amy side of ((^triangle heproducedy the exterior angle is equal 

to the hoo interior opposite migles : and the three interior angles 

of every triangle, are equal to two right angles. 

In the triangle a b c, let the side 
A B be product to n ; then the ex- 
terior angle cbd is equal to the 
two interior opposite angles cab, 
and acb: and the three interior 
angles cab, acb, and cba together, 
are equal to two right angles. 

From the point b draw b e parallel to a c (Prop. 31.) : then, 
because the line b c falls upon the parallels a c and b c, the 
alternate angles acb and e b c are equal (Prop. 29.) ; also, 
b^iause ad &Us upon the same parallels, the angle ebb is 
equal to the interior angle cab (Prop. 29.) ; therefore the 
whole exterior angle cbj> is equal to the interior opposite 
angles cab and acb. 

Again : Because the angles cba and cbd are equal to two 
right angles ^rop. 13.), but cbd was shown to be equal to 
the two mtenor angles cab and acb; therefore the three 
interior angles, cba, cab, and acb, are equal to two right 
angles. W.W.D, 

Cob. 1. If one angle of a triangle be equal to the other two 
angles, it is a right angle. 

Cob. 2. A perpendicular may be drawn from the end of a 
line, by describing an equilateral triangle upon it as a base, 
and producing one of the sides till the part produced be equal 
to the base, and joining the end of the produced line to the end 
of the base. 

Cob. 3. All the interior angles of any rectilineal figure, toge- 
ther with four right angles, are equal to twice as many right 
angles as the figure has sides. 

Cob. 4. All the exterior angles of any rectilineal figure are 
together equal to four right angles. 

Cob. 5. Each angle of an equilateral triangle is equal to a 
third of two right angles, or two-thirds of one right angle. 

Cob. 6. A right angle ma^ be trisected, by describing an 
equilateral triangle on one of its sides, and bisecting that angle 
of the triangle which is at the vertex of the right angle. 
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Peop. XXXm. Theob. 

The right Unes which join the adjacent extremities of two equal 
and parallel lines, are themselves equal and parallel. 

Let AB and cd be two equal and j^ ^ 

parallel lines; the right lines ac and V .--••"\ 

BD joining the adjacent extremities a \ ^,,.--'^ \ 

to c, and b to d, are also equal and X^''" \ 

parallel. * t> 

Draw the diagonal b c. And because the line b c falls on the 
parallels a b and c d, the alternate angles b c d and a b c are 
equal (Prop. 29.) ; then in the triangles a b c and b c d, the 
side A b is equal to c d, and b c is common to both, and the 
angle a b c is equal to b c d ; therefore the side A c is equal to 
B D (Prop. 4.), and the angle a c b is equal to d b c ; but tiiej 
are alternate angles, therefore the lines a g and b d are parallel 
(Prop. 27.). W. W, D. 

Prop. XXXTV. Theob. 

The opposite sides and angles of a parallelogram are equal to 
one another, and the diagonal divides it into two equal parts. 

Let A B c D be a parallelogram, and ^ 

B c the diagonal ; the side a b is equal ^\ ^^^\ 

to c D, and a c to b d ; the angles at a » --''^ ^ 

and D are equal, also the angles at b 

and c are equal ; and the diagonal b c 

divides the parallelogram into two equal 

parts. 

Because the line b c falls on the parallels a b and c b, the 
alternate angles A b c and b c d are equal (Prop. 29.) ; also 
because b c falls on the parallels a c and b d, the alternate 
angles a c b and d b c are equal (Prop. 29.) ; then in the tri- 
angles a B c and b c d, the angles a b c and a c b in the one, are 
equal to the angles bod and dbc in the other, and the side bc 
is common to both ; therefore the two triangles are equal in fdl 
respects (Prop. 26.), the side ab is equal to cd, and a c to bd, 
and the angles at a and d are equal ; also the two angles A c b 
and BCD are respectively equal to the two angles dbc and 
ABC (Prop. 26.) ; therefore the whole angle a.cd is equal to the 
whole angle abd. And as the triangles abc and bc Dare 
equal, the parallelogram is divided into two equal parts by the 
d'skgoni^ B c. W. W. D, 
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Prop. XXXV. Theob. 

BaraBelogranu upon the same hose and between the same parallels^ 

are equoL 

Let the parallelo- 
snnis A B G D and E B c F, 
be on the same base bc, 
and between the same 
parallels af and bc; 
the/ are equal to one 
another. 

For, produce the base b*c to l ; and because the line bl falls 
on tiie parallels ab and d c, the angles a b c and d c l are equal 
n?rop. 29.) ; also, because bl falls on the parallels e b and fc, 
the angles e b c and f c l are equal (Prop. 29.)i therefore the 
angles a b e and d c f are also equal (Ax. 3.) ; and the Unes 
which contain them are equal, ab to dc and eb to fc 
K 34.) ; therefore the triangles abe and d of are equal 
)p. 4.) : take away each of these equal triangles respectively 
1 the quadrilateral figure a b c f, and the remainders are 
the ^rallelograms ab c d and e b c f, which are equal (Ax. 3.). 
W. W. D. 

ScHOL. On this proposition is founded the rule in Mensura- 
tion for finding the area of any parellelogram ; namely, mul- 
tiply the length of the base by the perpendicular breadth, and 
the product will be the area. 




Prop. XXXVI. Theob. 

PoraQdograms upon equal bases and between the same parallels 

are equal. 

Let the parallelograms abcd and 
BFQH be upon equal bases bc andFG, 
and between the same parallels a h and 
bo: they are equal. 

Join B E and c h ; then the Une e h is 
eqnal to fg (Prop. 34.), and bc is also 
equal to fg (Hyp.), therefore eh and bc are equal to one ano- 
ther : but they are also parallel (Hyp.) ; therefore be and ch 
are also equal and parallel (Prop. 33.); therefore bche is a 
parallelogram (Def. 35.) ; and it is equal to each of the paral- 
lelograms ABCB and efgh, being on the same base and be- 
tween the same parallels (Prop. 35.) ; therefore the parallelo- 
grams ABCD and BFGH are equal (Ax. 1.). W. W, D, 
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Prop. XXXVII. Thbob. 

Triangles upon the same base and between the same pardUels are 

equal. 

Let the triangles bag and bd c be on 
the same base b c, and between the same 
parsdlels b c and A d : they are eaual. 

Through the point c draw the line c b 
parallel to b a (Prop. 31.)i and through 
B draw B F parallel to c d : then the 
parallelograms abcb and fbcd are 
equal, being on the same base bc, and between the same 
pandlels (Prop. 35.) ; but the triangles bag and b d c are 
halves of them (Prop. 34.), and are therefore eqtiaL Which 
toas to be demonstrated. 





Prop. XXXVm. Thboe. 

Triangles upon equal bases and between the same parallels are 

equal. 

Let the triangles bag and d f e be upon 

equal bases bg and de, and between the ? -^ ^ f 

same parallels ag and be; the triangles 
BAG and D F e are equal. 

Through the point c draw the line c h 
parallel to ab (Prop. 31.), and through e 
draw B Q parallel to d f ; then the parallelo- 
grams A B c H and F D E G are equal, being on equal bases and 
between the same parallels (Prop. 36.); but the triangles bag 
and DFB are halves of them (Trop. 34.), and are therefore 
equal. Which was to be demonstrated. 

Cob. 1. A line drawn from the vertex of a triangle bisecting 
the base, bisects the triangle. 

Cob. 2. A triangle may be divided into any number of equal 

Sarts, by dividing the base into the given number of parts, and 
rawing right lines to the vertex of the triangle. 
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Prop. XXXIX. Thboe. 

Eqmd trioHgles upon the same basey and upon the same side of it, 

are between the same parallels. 

Let the equal triangles bag and bdc be 

i^pon the same base bc, and on the same -^^ 

nde of it: they are between the same ^ ^" 

panllels. 

Join the points a and d ; then, if a d be 
not parallel to bc, draw through a a 
line AF parallel to.BC (Prop. 31.), cutting ^ ^ 

bd or BD produced in f: join cf; then, 
becanse the triangles bag and bf c are upon the same base bc, 
and between the same parallels bc and af, they are etjual 
(Prop. 37.); but the triangle bac is equal to BD(f (Hyp.); 
cher^nre tiie triangles bfc and bdc are equal, a part equal to 
the whole, which is absurd : therefore af is not parallel to bc; 
in the same manner it can be shown that no other line but ab 
10 parallel to bc ; therefore ad and bc are parallel. W. W, D. 



Prop. XL. Theor. 

Eqmd triangles upon equal bases, in the same right line, and on the 
same side, are betvoeen the same parallels. 

Let the equal triangles bac and edg be 
upon equal oases bc and eg, in the same 
line bg, and on the same side of it : they are 
between the same parallels. 

Join the points a and d ; then if a d be 
not parallel to bg, draw through a a line af 
parallel to bg (Prop. 31.), cutting eo or 
BB produced in f: join gf; then, because 
the triangles bac and efg are upon equal busus bc and eg, 
and between the same parallels bo and af, they ore equal, 
^Prop. 38.); but the triangle bac is equal to edg (Hyp.); 
merefore the triangles efg and edg are equal, a part equal to 
the whole, which is absurd ; therefore af is not parallel to bg ; 
in the same manner it can be shown that no other line but 4d 
is pWTfJlel to BC ; therefore ad and bg are parallel. W, W. D. 
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Pbop. XLI. Theob. 

A paraUelogram is double of a triangle upon the same base and 

between the same parallels. 

Let the parallelogram abcd and the ^ 
triangle bsc be upon the same base bc, 
and between the same parallels ae and 
B c : the parallelogram is double of the 
triangle. 

Join A c : then, because the triangles 
bac and be c are upon the same base bc, 
and between the same parallels ae and bc, they are equal 
(Prop. 37.); but the parallelogram abcd is double of the 
triangle bac (Prop. 34.) ; therefore the parallelogram abcd is 
also double of the triangle bec. Which was to be demonstrated, 

ScHOL. Hence the rule in Mensuration for finding the area 
of a triangle : multiply the length of the base by l£e perpen- 
dicular breadth of the triangle, and half the product will be 
the area. 




Prop. XLII. Pbob. 

To describe a paraUelogram equal to a given triangle, and having 

an angle equal to a given one. 

Let BAC be the pven triangle, and d 
the given angle. It is required to describe 
a parallelogram equal to the triangle bac, 
and having an angle equal to d. 

Draw through A a line af parallel to 
bc : bisect the base bc in e, and with the 
line EC make an angle ceg equal to the 
given angle d (Prop. 23.) : from c draw 
CF parallel to eg, and join ae : then, because of is parallel to 
EC, and CF parallel to eg (Const.), ecfg is a parallelogram 
(Def. 35.) : and because the triangles bae and eac are upon 
equal bases be and ec, and between the same parallels, tney 
are equal (Prop. 38.) ; therefore the whole triangle bac is 
double of one of them e ac : but the parallelogram ecfg is 
also double of the triangle eac (Prop. 41.); therefore the 
parallelogram ecfg is equal to the triangle bac (Ax. 6.); 
and it has an angle ceg equal to the given angle d (Const.) 
W. W, D. 
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Prop. XLIIT. Thboe. 

/n a pardUelogram the complements of the p 

the diagonal are equal. 

Let ABCD be a parallelogram, and 

AC the diagonal ; also let fe and hl be 

the parallelograms about the diagonal ; 

tiben the complements b g and g d which 

complete the figure are equal. 

Because each parallelogram is divided 
bj its diagonal into two equal parts 
(Prop. 34.), the triangle cab is equal to cad, the triangle gap 
to GAB, and the triangle cgh to cgl ; therefore the two tri- 
anglea oae and col are equal to the two triangles gap and 
coh; take away these equals from the equal triangles cad 
and CAB, and the remainders are the complements bg and qd^ 
wluch are equal (Ax. 3.). W, W, D, 





Prop. XLIV. Peob. 

To a given right line to apply a parallelogram, equal to a given 
triangle, and having an angle equal to a given one. 

Let ABC be the given triangle, cp the 
giyen line, and d the given angle; it is 
required to apply a parallelogram to the 
line CP, equal to the triangle abc, and 
having an angle equal to the angle d. 

Place one side b c of the triangle in the jdJ "[/ 
same line with c p so that they form a con- 
tinued right line ; bisect b c in e, and make 
tibe parallelogram cegh equal to the triangle abc, and having 
an angle e c h equal to the angle d (Prop. 42.) ; through f draw 
ijft parallel to ch or eg, and produce gh to l: draw lc to 
meet oe produced to n ; thtough n draw np parallel to ep or 
Gi. ; produce lp and hc to p and s. 

Then in the parallelogram gp, the complements gc and cp 
are equal (Prop. 43.); but gc is equal to the triangle abc 
(Const.), therefore cp is equal to the triangle abc. 

And because the angle ech is equal to the angle fcs 
(Prop. 15.), and also to the angle d, therefore the angle fcs is 
equal to the angle d (Ax. 1.). 

Therefore the parallelogram c p is applied to the line c f, is 
eyasl to the triangle abc, and has «.tv axi^l^ ^c% <^<^i^ \i^ \3g£^ 
giyen angle d. W, W, D. 

c 1' 
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Pbop. XLV. Peob. 

To describe a paraUelogram equal to a given rectilineal Jigure, 
and hamng an angle equal to a given one. 

Let ABCD be the given rectilineal ^ 
figure, and e the given angle ; it is re- 
quired to describe a paraUelogram equal 
to the figure abcd, and having an angle 
equal to £. 

Divide the given figure into triangles 
by joining the opposite angles b and'D, 
and describe a parallelogram f g h l equal 
to the triangle bcd, and bavins an angle lfo equal to the 
given angle e (Prop. 42.): to uie side gh apply a paraUelo- 
gram GNPH equal to the trian^e bad, and having an angle 
HGN equal to lfg (Prop. 44.) : then fnpl is a paraUelogram 
equal to the given figure abcd, and has an angle liFN equal to 
the given angle e. 

Because the lines fl and gh are paraUel, the angles lfg and 
hgf are equal to two right angles (Prop. 29.) ; but the angle 
ugn is equal to lfg (Const.), therefore hgn and hgf are 
equal to two right angles, and therefore the lines fg and gn 
form one right line (Prop. 14.). And because the lines lh 
and FN are parallel, the andes ghl and fgh are equal to two 
right angles (Prop. 29.) ; but the angle fgh is equal to ghp, 
being alternate angles (Prop. 29.), therefore ghl and ghp are 
equal to two right angles, and therefore the lines l h and h p 
form one right line (Prop. 14.). And because the lines fl 
and NP are parallel to the same line gh, they are paraUel to 
one another (Prop. 30.); therefore lfnp is a parallelogram 
(Def. 35.), and it is equal to the given rectilineal figure abcd 
(Const.), and it has the angle lfn equal to the given 'angle fi. 
Which was to he done. 

CoR. 1. A parallelogram can be described equal to the sum 
of two or more rectilineal figures, by dividing them into trt- 
nn^les. 

CoR. 2- A parallelogram can also be described equal to the 
difforence between two rectilineal figures. 
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Prop. XLVI. Pbob. 
On a given right line to describe a sqnare. 

Let AB be the given line, it is required to 
describe a square upon it. 

From the point a draw a d perpendicular to 
AB (Prop. 11.), and equal to it (Prop. 3.); 
through B draw bc parallel to ad, and through 
B draw DC parallel to ab (Prop. 31.); then 
ABC D is the required square. 

Because abcd is a parallelogram (Const.), the sides bc and 
CD are equal to their opposite sides ad and ab (Prop. 34.); 
but ad and ab are equal to one another (Const.), therefore the 
four sides ab, ad, dc, and cb are equal. And because the 
ancles bad and a d c are equal to two right angles (Prop. 29.), 
and BAD is aright angle (Const.), therefore adc is a right 
angle ; but the opposite angles of a parallelogram are equal to 
one another (Prop. 34.); merefore the opposite angles abc 
and BCD are right angles, and therefore abcd is a square 
CDef. 31.). Which was to be done. 

Cob. 1. If two right lines be equal, their squares are equal. 

CoR. 2. If two squares be equal, their sides are equal. 

Cob. 3. If one angle of a parallelogram be a right angle, all 
its angles are right angles. 

Cob. 4. The diagonals of a square are equal, and bbect one 
another at right angles. 

Cob. 5. If the difference between the side of a square and 
its diagonal be given, the square can be constructed. 

Cob. 6. The diagonal of a square divides it into two isosceles 
triangles. 

Cor. 7. If the diagonal of a square be given, the square can 
be constructed. 
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Prop. XLVII. Thboe. 

In a right'ongled triangle^ the square described upon the sit 
opposite to the right angle is equal to the squares described upi 
the sides which contain the right angle. 

Let ABC be a right-angled triangle, g 

having the right angle bag; the y\ 

square described on bc is equal to y^ \ i? 

the squares described upon the sides ^^«.,. Ni'^ \ 

BA and AC \*^ 

On the sides bc, ba, and ac de- \ 

scribe the squares be, bh, and gg 
(Prop. 46.); through a draw an 
parallel to bd or ge, and join ae 
and BF. 

Then, because the angles bag and 
GAG are two right angles, the lines ^ n »> 

BA and AG form one right line (Prop. 14.) ; and because t 
angles agf and bge are equal (Ax. 11.), if bga be added 
each, the angles bgf and age are equal; and the sides i 
and GF are equal to the sides eg and ga (Def. 31.) ; therefc 
the triangles bgf and eg a are equal (Prop. 4.): but t 
square gg is double of the triangle bgf, being on the same bs 
GF and "between the same parallels (Prop. 41.), and the parallel 
gram gn is double of the triangle eg a, being on the same bs 
CE and between the same parallels (Prop. 41) ; therefore t 
square g g is equal to the parallelogram c n, being doubles of t 
equal triangles (Ax. 6.). In the same manner it can be shoi 
that the square bh is equal to the parallelogram b n, by joini 
AD and CL ; therefore the whole square bdeg is equal to t 
two squares g g and b h. Which was to be demonstrated, 

Sghol. 1. In a right-angled triangle, the side opposite to t 
riffht angle is called the hypotenuse, and the other sides t 
called the base and perpendicular. 

Sghol. 2. On this proposition is founded the rule in Mens 
ration for finding any side of a right-angled triangle when t 
other two sides are given. To find the hypotenuse : — Add t 
square of the base to the square of the perpendicular, a 
extract the square root of the sum. To find the base : — Ta 
the square of the perpendicular from the square of the hyj 
tenuse, and extract the square root of the aifference. To n 
the perpendicular : — Take the square of the base from 1 
square of the hypotenuse, and extract the square root of 1 
dJ£ference, 
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Peop. XLVni. Thbob. 

Ijr Ac Mquare described upon one side of a triangle be equal 
ta ike squares described upon the other two sides, the angle oppo' 

site to that side is a right angle. 

In. the triangle abc, let the square of a c 
be equal to the squares of ab and b g ; then 
the angle abc is a right angle. 

From b draw bd perpendicular to bc 
(Prop. 11.)) 9iid equal to ab (Prop. 3.), and 
join CD. 

Because the angle dbc is a right angle, 
liie square of c d is equal to the squares of 
BG and bd (Prop. 47.) ; but bd is equal to ab, therefore the 
square of cd is equal to the squares of bc and ab: but the 
iqiiare of a c is also equal to the squares of bc and ab (Const.) ; 
therefore the squares of ac and cd are equal (Ax. IX and 
therefore the side ac is equal to cd : and because ab is also 
equal to bd, and bc common, the triangles bac and bdc are 
equal ^Prop. 8.) ; therefore the angle abc is equal to the anele 
DBC : but dbc is a right angle (Const.), therefore abc is aSso 
a right angle. Which was to be demonstrated. 
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EXERCISES. 

1. Draw a perpendicular from the endof a line, without pro- 
ducinfr the line. 

2. Show that every equilateral triangle is also equiangular. 

3. If a line bisect the angle opposite to the base of an 
isosceles triangle, it bisects the 4)a8e also. 

4. Two perpendiculars cannot be drawn from the same point 
to the same right line. 

5. The angles made by any number of lines meeting in a 
point are equal to four right angles. 

6. All the interior angles of any rectilineal figure, are equal 
to twice as many right angles as the figure has sides, less four 
right angles. 

7. The ext^ior angles of a rectilineal figure are eqoal to four 
right angles. 

8. The parallelograms about the diagonal of a square are 
squares. 

9. To bisect a ri^ht angle. 

10. To bisect a right Ime. 

1 1 . The diagonals of a parallelogram divide it into four equal 
parts. 

12. In a square the diagonals cross one another at right 
angles. 

13. To bisect a triangle. 

14. To bisect a square. 

15. Given the base and perpendicular of a right-angled tri- 
angle, to find the hypotenuse. 

16. To find a square equal to the sum of three 8<}uares. 

17. To describe a square, when the diagonal is given. 

18. If a triangle and a parallelogram bd between the same 
parallels, and the base of the trian^e be double the base of the 
parallelogram, the triansle and parallelogram are equal. 

19. If two right lines be equal, their squares are equal. 

20. Evej7 paraUelogram having one angle right, W aU its 
angles right angles. 



THE END. 
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